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Abstract
All existing 4-coordinate systems centered on the world-line of an accelerated observer are only
locally defined like it happens for Fermi coordinates both in special and general relativity. As a
consequence, it is not known how non-inertial observers can build equal-time surfaces which a)
correspond to a conventional observer-dependent definition of synchronization of distant clocks;
b) are good Cauchy surfaces for Maxwell equations. Another type of coordinate singularities
generating the same problems are those connected to the relativistic rotating coordinate systems
used in the treatment of the rotating disk and the Sagnac effect.
We show that the use of Hamiltonian methods based on 3+1 splittings of space-time allows to
define as many observer-dependent globally defined radar 4-coordinate systems as nice foliations of
space-time with space-like hyper-surfaces admissible according to Møller (for instance only differ-
entially rotating relativistic coordinate system, but not the rigidly rotating ones of non-relativistic
physics, are allowed). All these conventional notions of an instantaneous 3-space for an arbitrary
observer can be empirically defined by introducing generalizations of Einstein 12 convention for
clock synchronization in inertial frames. Each admissible 3+1 splitting has two naturally associ-
ated congruences of time-like observers: as a consequence every 3+1 splitting gives rise to non-rigid
non-inertial frames centered on anyone of these observers. Only for the Eulerian observers the si-
multaneity leaves are orthogonal to the observer world-line.
When there is a Lagrangian description of an isolated relativistic system, its reformulation as a
parametrized Minkowski theory allows to show that all the admissible synchronization conventions
are gauge equivalent, as it also happens in canonical metric and tetrad gravity, where, however, the
chrono-geometrical structure of space-time is dynamically determined.
The framework developed in this paper is not only useful for a consistent description of the
rotating disk, but is also needed for the interpretation of the future ACES experiment on the
synchronization of laser cooled atomic clocks and for the synchronization of the clocks on the three
LISA spacecrafts.
Key words: synchronization of clocks, accelerated observers, radar coordinates, one-way velocity
of light, space navigation
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I. INTRODUCTION
A physical observer is mathematically described by a future-oriented time-like world-line
γ, carrying an ideal standard clock measuring proper time and a tetrad field [1]. Both in
the Minkowski space-time of special relativity and in the set of globally hyperbolic space-
times, i.e. admitting a global time function, compatible with Einstein general relativity, the
Lorentz signature of the 4-metric allows the observer to identify the local light-cone in each
point of γ and to speak of events space-like with respect to a point of γ. In the case of special
relativity an inertial observer can use the clock moving along the straight-line γ to verify
the validity of the two independent postulates of the theory: in every inertial system the
round-trip or two-ways velocity of light A) is the same (c) and B) is isotropic.
However, every physical observer has no natural notion of instantaneous 3-space (of a
present in colloquial terms) at each point of γ with all the clocks synchronized with the one
on γ allowing the introduction of an associated notion of spatial distance and an associated
definition of one-way velocity of light from γ to every other time-like world-line whose clock
has been synchronized with the one on γ.
In special relativity, usually, one considers only global rigid inertial reference frames as-
sociated with an inertial observer whose world-line γ is a straight-line playing the role of
the time axis and with a point taken as origin of Cartesian 4-coordinates xµ for Minkowski
space-time. By means of an adiabatic slow transport of clocks, one identifies the xo = const.
space-like hyper-planes as the instantaneous 3-space with all the clocks synchronized [2].
The same notion of instantaneous 3-space is arrived at if the inertial observer γ sends rays
of light to another time-like observer γ1, who reflects them back towards γ. Given the emis-
sion (τi) and adsorption (τf ) times on γ, the point P of reflection on γ1 is assumed to be
simultaneous with the point Q on γ where τP
def
= τQ = τi +
1
2
(τf − τi) = 12 (τi + τf ). With
this so-called Einstein’s 1
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convention for the synchronization of distant clocks [3] again the
instantaneous 3-space is the space-like hyper-plane xo = const. orthogonal to γ, the point Q
is the midpoint between the emission and adsorption points and, since τP − τi = τf − τP ,
the one-way velocity of light between γ and every γ1 is isotropic and equal to the round-trip
velocity of light c.
The relativity principle then leads to the identification of the kinematical Poincare’ group
as the set of transformations connecting all the possible inertial observers with the appear-
ance of the standard effects of time dilation and length contraction. As a consequence, the
3
theoretical relevance of the inertial frames seems to suggest that space-like hyper-planes
orthogonal to γ are a natural notion of instantaneous 3-space. However, as we shall see,
there are many other geometrical possibilities which simply do not correspond to rigid in-
ertial frames but to non-rigid non-inertial ones (the only ones existing in general relativity
due to a global interpretation of the equivalence principle). Therefore, each observer has to
stipulate some convention defining a possible notion of instantaneous 3-space and to study
the transformation rules from a convention to every other possible one. As a consequence,
the notion of instantaneous 3-space is both observer-dependent and conventional.
Inertial frames are a limiting notion and, also disregarding general relativity, all the
observers on the Earth are non inertial. According to the IAU 2000 Resolutions [4], for
the physics in the solar system one can consider the Solar System Barycentric Celestial
Reference Frame (with the axes identified by fixed stars (quasars) of the Hypparcos catalog)
as a quasi-inertial frame. Instead the Geocentric Celestial Reference Frame, with origin in
the center of the geoid, is a non-inertial frame whose axes are non-rotating with respect to
the Solar Frame. Every frame fixed on the surface of the Earth is both non-inertial and
rotating.
Therefore, we need a definition of an instantaneous 3-space for a non-inertial time-like
observer, first in special relativity and then in general relativity, and of what can be a non-
rigid non-inertial reference frame. In particular we have to define an accelerated coordinate
system and to face the problem of rotating frames.
Traditionally, given an arbitrary time-like observer with world-line γ and unit 4-velocity
uµ(τ) (τ is the proper time measured by the clock of the observer), one introduces the
Fermi coordinates [5, 6, 7] by considering as instantaneous 3-space the space-like hyper-
planes orthogonal to the 4-velocity in each point of γ [8]. While the proper time τ labels
the hyper-planes, the spatial coordinates are defined by using three orthogonal 3-geodesics
emanating from γ on the hyper-planes. However, this nice local geometric construction
defines 4-coordinates only locally in a world-tube around γ, whose extension is determined by
the acceleration radii [9] where hyper-planes corresponding to different values of τ intersect.
Also Martzke-Wheeler [12] and Pauri-Vallisneri [13] attempts, trying to generalize Einstein
1
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convention to non-inertial observers (and then to observers in general relativity), has the
same singularities of Fermi coordinates as shown in Ref.[14].
To this type of coordinate-singularities we have to add the singularities shown by all the
4
rotating coordinate systems (the problem of the rotating disk): the 4-metric expressed in
these coordinates has pathologies at the distance R from the rotation axis where ω R =
c with ω being the constant angular velocity of rotation [15]. Again, given the unit 4-
velocity field of the points of the rotating disk, there is no notion of an instantaneous 3-space
orthogonal to the associated congruence of time-like observers, due to the non-zero vorticity
of the congruence [16]. Moreover, an attempt to use Einstein convention to synchronize the
clocks on the rim of the disk fails and one finds a synchronization gap (see Ref.[20] and the
bibliography of Ref.[21] for these problems and for the Sagnac effect).
In conclusion this so-called 1+3 point of view (threading splitting) of the accelerated
observer is not able to build good simultaneity hyper-surfaces, which, besides defining a
conventional instantaneous 3-space, are also good Cauchy surfaces for Maxwell equations:
only in this way we can find meaningful solutions of these equations and to control the
conservation laws.
The problems quoted till now are not academic, but are becoming relevant for measure-
ments of one-way time transfer between Earth and satellites with laser cooled high precision
clocks [22], for future space navigation [23], for the Sagnac corrections in the Global Posi-
tioning System [24], for the interpretation of the future measurements of gravito-magnetism
[25, 26] from Gravity Probe B, for LISA [27].
In this paper we show that the 3+1 point of view (slicing splitting) used in the Hamiltonian
treatment of dynamics, allows to find a general solution of the previous problems.
First of all, in Section II we shall remind which are the admissible 4-coordinate transfor-
mations in Minkowski space-time (frame-preserving diffeomorphisms) according to Møller
[28]: with suitable restrictions at spatial infinity they allow the definition of general notions
of simultaneity as nice foliations with space-like leaves, which replace the rigid inertial ref-
erence frames with non-rigid non-inertial frames. Note that for non-inertial frames there is
no relativity principle and no kinematical transformation group, like it happens in general
relativity, where the principle of general covariance implies the replacement of the Poincare’
group with the full diffeomorphism group. In special relativity the frame-preserving diffeo-
morphisms are playing the same role in replacing the Poincare’ group.
Then we consider an arbitrary time-like observer with world-line γ (xµ(τ) are the coor-
dinates in an inertial frame and τ is the observer proper time), which intersects the leaves
of every admissible 3+1 splitting just in a point but in general is not orthogonal to any leaf.
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Given anyone of the admissible 3+1 foliations, the world-line γ is used to build an observer-
dependent, globally defined, Lorentz-scalar radar 4-coordinate system by using the observer
proper time τ to label the leaves Στ of the foliation and by means of curvilinear 3-coordinates
σr [29], with origin on the world-line γ, on the leaves. The inverse of the coordinate trans-
formation zµ 7→ σA(z) = (τ, ~σ), namely σA 7→ zµ(τ, ~σ), gives the embedding of the leaves Στ
in Minkowski space-time as seen from the inertial frame. The hyper-surfaces Στ are possible
instantaneous 3-spaces, i.e. they are globally defined simultaneity hyper-surfaces with all the
clocks synchronized and also Cauchy surfaces.
Let us remark that when we have a Lagrangian description of an isolated relativistic
system, we can arrive to a Lagrangian depending also on the embedding zµ(τ, ~σ) and
being explicitly reparametrization invariant under frame-preserving diffeomorphisms (the
parametrized Minkowski theories of Refs.[30] and of the Appendix of Ref.[31]; see Subsec-
tion C of Section II). Therefore, in this way we get a special relativistic notion of general
covariance, which is a restriction of the general covariance under arbitrary diffeomorphisms
of general relativity to the frame-preserving ones.
This implies that the transition from an admissible 3+1 splitting to another one, i.e. the
change of the convention of synchronization of distant clocks and of instantaneous 3-space,
can be rephrased as a gauge transformation.
Let us also note that many 3+1 splittings can be shown to agree with the locality principle:
an accelerated observer at each instant along its world-line is physically equivalent to an
otherwise identical momentarily comoving inertial observer, namely a non-inertial observer
passes through a continuous infinity of hypothetical momentarily comoving inertial observers
[32].
As a byproduct of the study of Møller admissibility conditions it will be shown that global
rigid rotations are not allowed in special (and also general) relativity: on simultaneity and
Cauchy surfaces we must always have differential rotations. Instead global rigid translational
accelerations are allowed. We also give the simplest set of rotating 4-coordinates without
pathologies, which can be used in the treatment of the one-way time delay of signals between
an Earth station and a satellite (see Section VID of Ref.[21]).
Moreover, in Appendix A, we solve the inverse problem of finding admissible 3+1 split-
tings associated to a given unit 4-velocity field with non-zero vorticity, like it happens with
the rotating disk. This allows to define genuine instantaneous 3-spaces with synchronized
clocks for a rotating disk, so that it is possible to give a description of the Sagnac effect
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without synchronization gap (see Sections VIB and C of Ref.[21]).
In conclusion the 3+1 point of view allows to find an infinite number of admissible con-
ventions for the definition of an instantaneous 3-space, which can be used as a good Cauchy
surface, of an arbitrary accelerated observer. The pathologies of the Fermi coordinates are
avoided because the simultaneity surfaces, with all the clocks synchronized, are not hyper-
planes orthogonal to the world-line of the observer.
Moreover, in Section III we will show that the name radar coordinates is justified, because
they correspond to generalizations of Einstein 1
2
convention [3, 28] [34]. In this Section we
also outline the inverse problem of how to build operationally this type of coordinates by
using a cluster of spacecrafts like the one used in the Global Positioning System (GPS) [24].
Then we make some concluding remarks regarding the extension of these results to general
relativity (see Ref.[40] for the status of the Hamiltonian formulation of metric and tetrad
gravity), where each solution of Einstein’s equations dynamically determines which 3+1
splittings of the globally hyperbolic space-time can be associated to it, and some comments
on which problems have still to be clarified at the post-Newtonian level.
We refer to Ref.[21] for an extended discussion and a rich bibliography on all these prob-
lems, for a treatment of the rotating disk and of the Sagnac effect and for the determination
of the time-delay of signals from the Earth to a satellite (one-way velocity of light is required)
within the 3+1 point of view and, finally, for Maxwell equations in non-inertial frames.
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II. THE 3+1 POINT OF VIEW AND ACCELERATED OBSERVERS.
Let us consider the 3+1 splittings of Minkowski space-time associated to its foliations
with arbitrary space-like hyper-surfaces and not only with space-like hyper-planes. Each of
these hyper-surfaces is both a simultaneity surface and a Cauchy surface for the equations
of motion of the relativistic systems of interest. Having given a notion of simultaneity,
there will be associated notions of instantaneous 3-space, synchronization of distant clocks,
spatial length and one-way velocity of light. After the choice of a foliation, i.e. of a notion
of simultaneity, we can determine, as we shall see, which are the non-inertial observers
compatible with that notion of simultaneity.
First of all we must find which 3+1 splittings of Minkowski space-time are geometrically
allowed as nice foliations whose leaves are space-like hyper-surfaces. This leads to Møller
admissible coordinate transformations (Subsection A).
Then let us consider an arbitrary time-like observer whose world-line γ intersects each leaf
of an admissible 3+1 splitting in a point. The world-line γ can be used as a centroid to define
observer-adapted Lorentz-scalar radar 4-coordinates (Subsection B). As a consequence, each
admissible 3+1 splitting may be chosen as a conventional notion of instantaneous 3-space
for an accelerated observer. In Subsection C we show that every isolated relativistic system
with a Lagrangian description can be reformulated as a parametrized Minkowski theory in
which all the conventions are gauge equivalent.
In Subsection D we identify the 3+1 splittings which agree with the locality hypothesis,
namely in which it is evident that the accelerated observer can be visualized as a sequence of
comoving inertial observers. Here we state which is the form assumed by Møller admissibility
conditions for such 3+1 splittings. As a byproduct we show that, while we can have rigid non-
inertial frames with arbitrary translational acceleration, rigidly rotating relativistic frames
do not exist: globally defined rotating frames must necessarily have differential rotations. In
Subsection E we identify the simplest global relativistic rotating frames as a family of 3+1
splittings with space-like hyper-planes on which there are differentially rotating coordinates.
A. Møller Admissible Coordinates.
Given an inertial system with Cartesian 4-coordinates xµ in Minkowski space-time and
with the xo = const. simultaneity hyper-planes, Møller, in Chapter VIII, Section 88 of
Ref.[28] (see also Hilbert [41] and Havas [39]), defines the admissible coordinates transfor-
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mations xµ 7→ yµ = fµ(x) [with inverse transformation yµ 7→ xµ = hµ(y)] as those trans-
formations whose associated metric tensor gµν(y) =
∂hα(y)
∂yµ
∂hβ(y)
∂yν
ηαβ satisfies the following
conditions (it can be shown that the inverse metric gµν(y) satisfies the same conditions)
ǫ goo(y) > 0,
ǫ gii(y) < 0,
gii(y) gij(y)
gji(y) gjj(y)
> 0, ǫ det [gij(y)] < 0,
⇒ det [gµν(y)] < 0. (2.1)
These are the necessary and sufficient conditions for having ∂h
µ(y)
∂yo
behaving as the velocity
field of a relativistic fluid, whose integral curves, the fluid flux lines, are the world-lines of
time-like observers. Eqs.(2.1) say:
i) the observers are time-like because ǫgoo > 0;
ii) that the hyper-surfaces yo = f o(x) = const. are good space-like simultaneity surfaces.
Moreover we must ask that gµν(y) tends to a finite limit at spatial infinity on each
of the hyper-surfaces yo = f o(x) = const. If, like in the ADM canonical formulation of
metric gravity [31, 42], we write goo = ǫ (N
2 − gij N iN j), goi = gijN j introducing the
lapse (N) and shift (N i) functions, this requirement says that the lapse function (i.e.
the proper time interval between two nearby simultaneity surfaces) and the shift func-
tions (i.e. the information about which points on two nearby simultaneity surfaces are
connected by the so-called evolution vector field ∂h
µ(y)
∂yo
) must not diverge at spatial infin-
ity. This implies that at spatial infinity on each simultaneity surface there is no asymp-
totic either translational or rotational acceleration [43] and the asymptotic line element is
ds2 = gµν(y) dy
µ dyν →spatial infinity ǫ
(
F 2(yo) (dyo)2 + 2Gi(y
o) dyo dyi − d~y2
)
. But this
would break manifest covariance unless F (yo) = 1 and Gi(y
o) = 0. As a consequence, the
simultaneity surfaces must tend to space-like hyper-planes at spatial infinity.
In this way all the admissible notions of simultaneity of special relativity are formalized
as 3+1 splittings of Minkowski space-time by means of foliations whose leaves are space-like
hyper-surfaces tending to hyper-planes at spatial infinity. Let us remark that admissible
coordinate transformations xµ 7→ yµ = fµ(x) constitute the most general extension of
the Poincare’ transformations xµ 7→ yµ = aµ + Λµν xν compatible with special relativity.
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An important sub-group of Møller admissible transformations consists the frame-preserving
diffeomorphisms: xo 7→ yo = f o(xo, ~x), ~x 7→ ~y = ~f(~x), with inverse transformations xo =
ho(yo, ~y), ~x = ~h(~y). Let us remark that the asymptotic conditions at spatial infinity restrict
Møller admissible transformations to those which have the behavior ∂h
o
∂yo
→ 1, ∂ho
∂yi
→ 0,
∂hi
∂yj
→ δij at spatial infinity.
B. From Møller Admissible Coordinates to Radar 4-Coordinates adapted to an
Arbitrary Accelerated Observer.
It is then convenient to describe [30, 31] the simultaneity surfaces of an admissible 3+1
splitting of Minkowski space-time with adapted Lorentz-scalar admissible coordinates xµ 7→
σA = (τ, ~σ) = fA(x) [with inverse σA 7→ xµ = zµ(σ) = zµ(τ, ~σ)] such that:
i) the scalar time coordinate τ labels the leaves Στ of the foliation (Στ ≈ R3);
ii) the scalar curvilinear 3-coordinates ~σ = {σr} on each Στ are defined with respect to
the world-line γ of an arbitrary time-like centroid xµ(τ) chosen as their origin;
iii) if yµ = fµ(x) is any admissible coordinate transformation describing the same fo-
liation, i.e. if the leaves Στ are also described by y
o = f o(x) = const., then, modulo
reparametrizations, we must have yµ = fµ(z(τ, ~σ)) = f˜µ(τ, ~σ) = AµA σ
A with Aoτ = const.,
Aor = 0, so that we get y
o = const. τ , yi = AiA(τ, ~σ) σ
A. Therefore, modulo reparametriza-
tions, the τ and ~σ adapted admissible coordinates are intrinsic coordinates, which are mathe-
matically allowed as charts in an enlarged atlas for Minkowski space-time taking into account
the extra structure of the admissible 3+1 splittings. They are called radar-like 4-coordinates
(see Section III for the justification of this name) and, probably, they were introduced for
the first time by Bondi [44]. The use of these Lorentz-scalar adapted coordinates allows to
make statements depending only on the foliation but not on the 4-coordinates yµ used for
Minkowski space-time.
If we identify the centroid xµ(τ) with the world-line γ of an arbitrary time-like observer
and τ with the observer proper time, we obtain as many globally defined observer-dependent
Lorentz-scalar radar 4-coordinates for an accelerated observer as admissible 3+1 splittings
of Minkowski space-time and each 3+1 splitting can be viewed as a conventional choice of an
instantaneous 3-space and of a synchronization prescription for distant clocks. The world-
line γ is not in general orthogonal to the simultaneity leaves and Einstein 1
2
convention is
suitably generalized (see Section III).
10
The simultaneity hyper-surfaces Στ are described by their embedding x
µ = zµ(τ, ~σ) in
Minkowski space-time [(τ, ~σ) 7→ zµ(τ, ~σ), R3 7→ Στ ⊂ M4] and the induced metric is
gAB(τ, ~σ) = z
µ
A(τ, ~σ) z
ν
B(τ, ~σ) ηµν with z
µ
A = ∂z
µ/∂σA [45]. Since the vector fields zµr (τ, ~σ)
are tangent to the surfaces Στ , the time-like vector field of normals l
µ(τ, ~σ) is proportional
to ǫµαβγ z
α
1 (τ, ~σ) z
β
2 (τ, ~σ) z
γ
3 (τ, ~σ). Instead the time-like evolution vector field is z
µ
τ (τ, ~σ) =
N(τ, ~σ) lµ(τ, ~σ) +N r(τ, ~σ) zµr (τ, ~σ), so that we have dz
µ(τ, ~σ) = zµτ (τ, ~σ) dτ + z
µ
r (τ, ~σ) dσ
r =
N(τ, ~σ) dτ lµ(τ, ~σ) + [N r(τ, ~σ) dτ + dσr] zµr (τ, ~σ).
Since the 3-surfaces Στ are equal time 3-spaces with all the clocks synchronized, the spatial
distance between two equal-time events will be dl12 =
∫ 2
1
dl
√
3grs(τ, ~σ(l))
dσr(l)
dl
dσs(l)
dl
(~σ(l)
is a parametrization of the 3-geodesic γ12 joining the two events on Στ ). Moreover, by using
test rays of light we can define the one-way velocity of light between events on different Στ ’s.
Therefore the accelerated observer plus one admissible 3+1 splitting with the observer-
dependent radar 4-coordinates define a non-rigid non-inertial reference frame whose time
axis is the world-line γ of the observer and whose instantaneous 3-spaces are the simultaneity
hyper-surfaces Στ .
The main property of each admissible foliation with simultaneity surfaces is that the
embedding of the space-like leaves of the foliation automatically determine two time-like
vector fields and therefore two congruences of (in general) non-inertial time-like observers
to be used to define non-inertial frames with the given simultaneity surfaces:
i) The time-like vector field lµ(τ, ~σ) of the normals to the simultaneity surfaces Στ (by
construction surface-forming, i.e. irrotational), whose flux lines are the world-lines of the
so-called (in general non-inertial) Eulerian observers. The simultaneity surfaces Στ are (in
general non-flat) Riemannian 3-spaces in which the physical system is visualized and in
each point the tangent space to Στ is the local observer rest frame of the Eulerian observer
through that point. This 3+1 viewpoint is called hyper-surface 3+1 splitting.
ii) The time-like evolution vector field zµτ (τ, ~σ)/
√
ǫ gττ (τ, ~σ), which in general is not
surface-forming (i.e. it has non-zero vorticity like in the case of the rotating disk). The
observers associated to its flux lines have the local observer rest frames, the tangent 3-
spaces orthogonal to the evolution vector field, not tangent to Στ : there is no notion of
3-space for these observers (1+3 point of view or threading splitting) and no visualization
of the physical system in large. However these observers can use the notion of simultaneity
associated to the embedding zµ(τ, ~σ), which determines their 4-velocity. In this way we get
non-inertial frames centered on these observers, whose world-lines are not orthogonal to the
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simultaneity surfaces. This 3+1 viewpoint is called slicing 3+1 splitting.
C. Parametrized Minkowski Theories.
As said in the Introduction, when we have a Lagrangian description of an isolated system,
it can be extended to a parametrized Minkowski theory [30, 31]. In this approach, besides
the configuration variables of the isolated system, there are the embeddings zµ(τ, ~σ) as
extra gauge configuration variables in a suitable Lagrangian determined in the following
way. Given the Lagrangian of the isolated system in the Cartesian 4-coordinates of an
inertial system, one makes the coupling to an external gravitational field and then replaces
the external 4-metric with gAB = z
µ
A ηµν z
ν
B.
Therefore the resulting Lagrangian depends on the embedding through the associated
metric gAB. It can be shown that, due to the presence of a special- relativistic type of
general covariance (reparametrization invariance of the action under frame-preserving dif-
feomorphisms), the transition from a foliation to another one (i.e. a change of the notion of
simultaneity) is a gauge transformation of the theory. Therefore, in parametrized Minkowski
theories the conventionalism of simultaneity is rephrased as a gauge problem (in a way differ-
ent from Refs.[36, 38]), i.e. as the arbitrary choice of a gauge fixing selecting a well defined
notion of simultaneity among those allowed by the gauge freedom. Moreover, for every iso-
lated system there is a preferred notion of simultaneity, namely the one associated with
the 3+1 splitting whose leaves are the Wigner hyper-planes orthogonal to the conserved
4-momentum of the system: this preferred simultaneity, intrinsically selected by the isolated
system, identifies the intrinsic inertial rest frame centered on an inertial observer having
the system global 4-velocity and leads to the Wigner-covariant rest-frame instant form of
dynamics [30].
Besides scalar and spinning positive-energy particles, Klein-Gordon, electro-magnetic,
Yang-Mills and Dirac fields have been reformulated as parametrized Minkowski theories
[30, 31].
This same state of affairs is also present in Hamiltonian metric and tetrad gravity: the
change of the notion of simultaneity is a gauge transformation [31, 40, 46, 47]. The distin-
guishing property of general relativity is that the solutions of Einstein’s equations determine
dynamically which notions of simultaneity are allowed [47].
12
D. Admissible 4-Coordinates and the Locality Hypothesis: Non-Existence of
Rigid Rotating Reference Frames.
Let us now consider a class of 4-coordinate transformations which implements the idea
of accelerated observers as sequences of comoving observers (the locality hypothesis) [48]
and let us determine the conditions on the transformations to get a set of admissible 4-
coordinates. From now on we shall use Lorentz-scalar radar-like 4-coordinates σA = (τ ;~σ)
adapted to the foliation, whose simultaneity leaves are denoted Στ .
As we have said, the admissible embeddings xµ = zµ(τ, ~σ) [inverse transformations of
xµ 7→ σA(x)], defined with respect to a given inertial system, must tend to parallel space-
like hyper-planes at spatial infinity. If lµ = lµ(∞) = ǫ
µ
τ , l
2
(∞) = ǫ, is the asymptotic normal, let
us define the asymptotic orthonormal tetrad ǫµA, A = τ, 1, 2, 3, by using the standard Wigner
boost for time-like Poincare’ orbits Lµν(l(∞),
◦
l(∞)),
◦
l(∞) = (1;~0): ǫ
µ
A
def
= LµA(l(∞),
◦
l(∞)), ηAB =
ǫµA ηµν ǫ
ν
B.
Then a parametrization of the asymptotic hyper-planes is zµ = xµo +ǫ
µ
A σ
A = xµ(τ)+ǫµr σ
r
with xµ(τ) = xµo + ǫ
µ
τ τ a time-like straight-line (an asymptotic inertial observer). Let
us define a family of 3+1 splittings of Minkowski space-time by means of the following
embeddings [49]
zµ(τ, ~σ) = xµo + Λ
µ
ν(τ, ~σ) ǫ
ν
A σ
A = x˜µ(τ) + F µ(τ, ~σ), F µ(τ,~0) = 0,
x˜µ(τ) = xµo + Λ
µ
ν(τ,~0) ǫ
ν
τ τ,
F µ(τ, ~σ) = [Λµν(τ, ~σ)− Λµν(τ,~0)] ǫντ τ + Λµν(τ, ~σ) ǫνr σr,
Λµν(τ, ~σ)→|~σ|→∞ δµν , ⇒ zµ(τ, ~σ)→|~σ|→∞ xµo + ǫµA σA = xµ(τ) + ǫµr σr,
(2.2)
where Λµν(τ, ~σ) are Lorentz transformations (Λ
µ
α ηµν Λ
ν
β = ηαβ) belonging to the compo-
nent connected with the identity of SO(3, 1). While the functions F µ(τ, ~σ) determine the
form of the simultaneity surfaces Στ , the centroid x˜
µ(τ), corresponding to an arbitrary time-
like observer chosen as origin of the 3-coordinates on each Στ , determines how these surfaces
are packed in the foliation.
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Since the asymptotic foliation with parallel hyper-planes, having a constant vector field
lµ = ǫµτ of normals, defines an inertial reference frame, we see that the foliation (2.2) with
its associated non-inertial reference frame is obtained from the asymptotic inertial frame by
means of point-dependent Lorentz transformations. As a consequence, the integral lines, i.e.
the non-inertial Eulerian observers and (non-rigid) non-inertial reference frames associated
to this special family of simultaneity notions, are parametrized as a continuum of comoving
inertial observers as required by the locality hypothesis [50].
Let us remark that when an arbitrary isolated system is described by a Minkowski
parametrized theory, in which the embeddings zµ(τ, ~σ) are gauge configuration variables,
the transition from the description of dynamics in one of these non-inertial reference frames
compatible with the locality hypothesis to another arbitrary allowed reference frame, like the
one of footnote 10, is a gauge transformation: therefore in this case the locality hypothesis
can always be assumed valid modulo gauge transformations.
An equivalent parametrization of the embeddings of this family of reference frames is
zµ(τ, ~σ) = xµo + ǫ
µ
B Λ
B
A(τ, ~σ) σ
A = xµo + U
µ
A(τ, ~σ) σ
A = x˜µ(τ) + F µ(τ, ~σ),
x˜µ(τ) = xµo + U
µ
τ (τ,~0) τ,
F µ(τ, ~σ) = [Uµτ (τ, ~σ)− Uµτ (τ,~0)] τ + Uµr (τ, ~σ) σr, (2.3)
where we have defined:
ΛBA(τ, ~σ) = ǫ
B
µ Λ
µ
ν(τ, ~σ) ǫ
ν
A, U
µ
A(τ, ~σ) ηµν U
ν
B(τ, ~σ) = ǫ
µ
A ηµν ǫ
ν
B = ηAB,
UµA(τ, ~σ) = ǫ
µ
B Λ
B
A(τ, ~σ)→|~σ|→∞ ǫµA, (2.4)
where ǫBµ = ηµν η
BA ǫνA are the inverse tetrads.
A slight generalization of these embeddings allows to find Nelson’s [51] 4-coordinate
transformation (but extended from ~σ-independent Lorentz transformations Λµν = Λ
µ
ν(τ) to
~σ-dependent ones!) implying Møller rotating 4-metric [52]
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zµ(τ, ~σ) = xµo + ǫ
µ
A
[
ΛAB(τ, ~σ) σ
B + V A(τ, ~σ)
]
,
V τ (τ, ~σ) =
∫ τ
o
dτ1 Λ
τ
τ (τ1, ~σ)− Λτ τ (τ, ~σ) τ, V r(τ, ~σ) =
∫ τ
o
dτ1 Λ
r
τ (τ1, ~σ)− Λrτ (τ, ~σ) τ.
(2.5)
However, in general these 3+1 splittings do not produce a metric satisfying Eqs.(2.1).
Let us study the conditions imposed by Eqs.(2.1) on the foliations of the type (2.3) (for the
others it is similar) to find which ones correspond to admissible 4-coordinate transformations.
We shall represent each Lorentz matrix Λ as the product of a Lorentz boost B and a rotation
matrix R to separate the translational from the rotational effects (~β = ~v/c are the boost
parameters, γ(~β) = 1/
√
1− ~β2, ~β2 = (γ2−1)/γ2, B−1(~β) = B(−~β); α, β, γ are three Euler
angles and R−1 = RT )
Λ(τ, ~σ) = B(~β(τ, ~σ))R(α(τ, ~σ), β(τ, ~σ), γ(τ, ~σ)),
BAB(~β) =
(
γ(~β) γ(~β) βs
γ(~β) βr δrs + γ
2(~β)βr βs
γ(~β)+1
)
, RAB(α, β, γ) =
(
1 0
0 Rrs(α, β, γ)
)
,
R(α, β, γ) = (2.6)
=

 cosα cos β cos γ − sinα sin γ sinα cosβ cos γ + cosα sin γ − sin β cos γ− cosα cosβ sin γ − sinα cos γ − sinα cosβ sin γ + cosα cos γ sin β sin γ
cosα sin β sinα sin β cosβ

 .
Then we get
zµτ (τ, ~σ) = U
µ
τ (τ, ~σ) + ∂τ U
µ
A(τ, ~σ) σ
A =
= Uµτ (τ, ~σ) + U
µ
B(τ, ~σ) Ω
B
A(τ, ~σ) σ
A,
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zµr (τ, ~σ) = U
µ
r (τ, ~σ) + ∂r U
µ
A(τ, ~σ) σ
A =
= Uµr (τ, ~σ) + U
µ
B(τ, ~σ) Ω
B
(r)A(τ, ~σ) σ
A,
lµ(τ, ~σ) =
1√| det grs(τ, ~σ)| ǫµαβγ [zα1 zβ2 zγ3 ](τ, ~σ),
(normal to the simultaneity surfaces ), (2.7)
where we have introduced the following matrices
ΩAB = (Λ
−1 ∂τ Λ)
A
B = (R−1 ∂τ R+R−1B−1 ∂τ BR)AB = (ΩR +R−1ΩBR)AB,
ΩR = R−1 ∂τ R =
(
0 0
0 ΩR = R
−1 ∂τ R
)
,
ΩB = B
−1(~β) ∂τ B(~β) = −∂τ B(−~β)B−1(−~β) =
=
(
0 γ (∂τβ
s + γ
2 ~β·∂τ ~β βs
γ+1
)
γ (∂τβ
r + γ
2 ~β·∂τ ~β βr
γ+1
) − γ2
γ+1
(βr ∂τβ
s − ∂τβr βs)
)
,
Ω =
(
0 γ (∂τβ
u + γ
2 ~β·∂τ ~β βu
γ+1
)Rus
RTru γ (∂τβ
u + γ
2 ~β·∂τ ~β βu
γ+1
) ΩrR s − γ
2
γ+1
RT ru (β
u ∂τβ
v − ∂τβu βv)Rvs
)
,
ΩA(r)B = (Λ
−1 ∂r Λ)
A
B = (R−1 ∂rR+R−1B−1 ∂r BR)AB = (ΩR (r) +R−1ΩB (r)R)AB =
=
(
0 γ (∂rβ
u + γ
2 ~β·∂r~β βu
γ+1
)Rus
RTwu γ (∂rβ
u + γ
2 ~β·∂r~β βu
γ+1
) ΩwR s − γ
2
γ+1
RT wu (β
u ∂rβ
v − ∂rβu βv)Rvs
)
, (2.8)
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assumed to vanish at spatial infinity, ΩAB(τ, ~σ),Ω
A
(r)B(τ, ~σ)→|~σ|→∞ 0. The matrix ΩB de-
scribes the translational velocity (~β) and acceleration (∂τ ~β), while the matrix ΩR the rota-
tional angular velocity.
The zµA’s and the associated 4-metric are
zµτ (τ, ~σ) =
(
[1 + Ωτ r σ
r]Uµτ + Ω
r
A σ
A Uµr
)
(τ, ~σ),
zµr (τ, ~σ) =
(
Ωτ(r) s σ
s Uµτ + [δ
s
r + Ω
s
(r)A σ
A]Uµs
)
(τ, ~σ), (2.9)
and
gττ (τ, ~σ) =
(
zµτ ηµν z
ν
τ
)
(τ, ~σ) = ǫ
(
[1 + Ωτ r σ
r]2 −
∑
r
[ΩrA σ
A]2
)
(τ, ~σ),
grτ (τ, ~σ) =
(
zµr ηµν z
ν
τ
)
(τ, ~σ) = ǫ
(
Ωτ(r) s σ
s [1 + Ωτ u σ
u]−
−
∑
s
ΩsA σ
A [δsr + Ω
s
(r)A σ
A]
)
(τ, ~σ),
grs(τ, ~σ) =
(
zµr ηµν z
ν
s
)
(τ, ~σ) = ǫ
(
− δrs − [Ωr(s)A + Ωs(r)A] σA +
+ Ωτ(r) u Ω
τ
(s) v σ
u σv −
∑
u
Ωu(r)A Ω
u
(s)A σ
A σB
)
(τ, ~σ). (2.10)
Eqs.(2.1) are complicated restrictions on the parameters ~β(τ, ~σ), α(τ, ~σ), β(τ, ~σ), γ(τ, ~σ)
of the Lorentz transformations, which say that translational accelerations and rotational
frequencies are not independent but must balance each other if Eqs.(2.3) describe the inverse
of an admissible 4-coordinate transformation.
Let us consider two extreme cases.
A) Rigid non-inertial reference frames with translational acceleration exist. An example
are the following embeddings, which are compatible with the locality hypothesis only for
f(τ) = τ (this corresponds to Λ = B(~0)R(0, 0, 0), i.e. to an inertial reference frame)
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zµ(τ, ~σ) = xµo + ǫ
µ
τ f(τ) + ǫ
µ
r σ
r,
gττ (τ, ~σ) = ǫ
(df(τ)
dτ
)2
, gτr(τ, ~σ) = 0, grs(τ, ~σ) = −ǫ δrs. (2.11)
This is a foliation with parallel hyper-planes with respect to a centroid xµ(τ) = xµo+ǫ
µ
τ f(τ)
(origin of 3-coordinates). The hyper-planes have translational acceleration x¨µ(τ) = ǫµτ f¨(τ),
so that they are not uniformly distributed like in the inertial case f(τ) = τ .
B) On the other hand rigid rotating reference frames do not exist. Let us consider the
embedding (compatible with the locality hypothesis) with Λ = B(~0)R(α(τ), β(τ), γ(τ)) and
xµ(τ) = xµo + ǫ
µ
τ τ
zµ(τ, ~σ) = xµ(τ) + ǫµr R
r
s(τ) σ
s,
zµτ (τ, ~σ) = x˙
µ(τ) + ǫµr R˙
r
s(τ) σ
s, zµr (τ) = ǫ
µ
s R
s
r(τ),
gττ (τ, ~σ) = ǫ
(
x˙2(τ) + 2 x˙µ(τ) ǫ
µ
r R˙
r
s(τ) σ
s − ǫ R˙ru(τ) R˙rv(τ) σu σv
)
,
gτr(τ, ~σ) = ǫ
(
x˙µ(τ) ǫ
µ
s R
s
r(τ)− ǫ R˙vu(τ)Rvr(τ) σu
)
,
grs(τ, ~σ) = −ǫRur(τ)Rus(τ), (2.12)
which corresponds to a foliation with parallel space-like hyper-planes with normal lµ = ǫµτ .
It can be verified that it is not the inverse of an admissible 4-coordinate transformation,
because the associated gττ (τ, ~σ) has a zero at [53]
σ = σR =
1
Ω(τ)
[
− x˙µ(τ) bµr (τ) (σˆ× Ωˆ(τ))r +
√
x˙2(τ) + [x˙µ(τ) b
µ
r (τ) (σˆ × Ωˆ(τ))2]2
]
, (2.13)
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with σR → ∞ for Ω → 0. At σ = σR the time-like vector zµτ (τ, ~σ) becomes light-like
(the horizon problem), while for an admissible foliation with space-like leaves it must always
remain time-like.
This pathology (the so-called horizon problem) is common to most of the rotating co-
ordinate systems (see Subsection D of the Introduction of Ref.[21] for a partial list of the
existing options). Let us remark that an analogous pathology happens on the event horizon
of the Schwarzschild black hole. Also in this case we have a coordinate singularity where
the time-like Killing vector of the static space-time becomes light-like. For the rotating Kerr
black hole the same coordinate singularity happens already at the boundary of the ergo-
sphere [54]. Also in the existing theory of rotating relativistic stars [55], where differential
rotations are replacing the rigid ones in model building, it is assumed that in certain rotation
regimes an ergosphere may form [56]: again, if one uses 4-coordinates adapted to the Killing
vectors, one gets a similar coordinate singularity.
In the next Subsection we shall consider the minimal modification of Eq.(2.12) so to obtain
the inverse of an allowed 4-coordinate transformation to a rotating coordinate system.
E. The Simplest Notion of Simultaneity when Rotations are Present.
Let us look for the simplest embedding xµ = zµ(τ, ~σ), inverse of an admissible 4-coordinate
transformation xµ 7→ σA compatible with the locality hypothesis, which contains a rotating
reference frame, with also translational acceleration, of the type of Eq.(2.12). The minimal
modification of Eq.(2.12) is to replace the rotation matrix R(τ) with R(τ, |~σ|), namely
the rotation varies as a function of some radial distance |~σ| (differential rotation) from
the arbitrary time-like world-line xµ(τ), origin of the 3-coordinates on the simultaneity
surfaces. Since the 3-coordinates σr are Lorentz scalar we shall use the radial distance
σ = |~σ| = √δrs σr σs, so that σr = σ σˆr with δrs σˆr σˆs = 1. Therefore let us replace Eq.(2.12)
with the following embedding
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zµ(τ, ~σ) = xµ(τ) + ǫµr R
r
s(τ, σ) σ
s def= xµ(τ) + bµr (τ, σ) σ
r,
Rrs(τ, σ)→σ→∞δrs , ∂ARrs(τ, σ)→σ→∞ 0,
bµs (τ, σ) = ǫ
µ
r R
r
s(τ, σ)→σ→∞ ǫµs , [bµr ηµν bνs ](τ, σ) = −ǫ δrs. (2.14)
Since zµr (τ, ~σ) = ǫ
µ
s ∂r [R
s
u(τ, σ) σ
u], it follows that the normal to the simultaneity surfaces
is lµ = ǫµτ , namely the hyper-surfaces are parallel space-like hyper-planes. These hyper-planes
have translational acceleration x¨µ(τ) and a rotating 3-coordinate system with rotational
frequency
Ωr(τ, σ) = −1
2
ǫruv
[
R−1(τ, σ)
∂R(τ, σ)
∂τ
]uv
→σ→∞ 0,
⇓
∂bµs (τ, σ)
∂τ
= ǫµr
∂Rrs(τ, σ)
∂τ
= −ǫsuv Ωu(τ, σ) bµv (τ, σ),
Ω1(τ, σ) =
[
∂τβ sin γ − ∂τα sin β cos γ
]
(τ, σ),
Ω2(τ, σ) =
[
∂τβ cos γ + ∂τα sin β sin γ
]
(τ, σ),
Ω3(τ, σ) =
[
∂τγ + ∂τα cos β
]
(τ, σ). (2.15)
In the last three lines we used Eqs.(2.6) to find the angular velocities. Moreover we can
define
Ω(r)(τ, σ) =
[
R−1 ∂r R
]
(τ, σ) = 2σˆr
[
R−1
∂R
∂σ
]
(τ, σ)→σ→∞ 0,
Ωu(r)v(τ, σ) σ
v = Φuv(τ, σ)
σr σv
σ
, Φuv = −Φvu, (2.16)
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As a consequence we have
x˙µ(τ) = ǫ
(
[x˙ν(τ) l
ν ] lµ −
∑
r
[x˙ν(τ) ǫ
ν
r ] ǫ
µ
r
)
,
zµτ (τ, ~σ) = N(τ, ~σ) l
µ +N r(τ, ~σ) zµr (τ, ~σ) =
= x˙µ(τ)− ǫsuv Ωu(τ, σ) bµv (τ, σ) σs =
= x˙µ(τ)− (~σ × ~Ω(τ, σ))r bµr (τ, σ)→σ→∞ x˙µ(τ),
zµr (τ, ~σ) = ǫ
µ
s
[
Rsr(τ, σ) + ∂r R
s
u(τ, σ) σ
u
]
=
= bµs (τ, σ)
[
δsr + Ω
s
(r)u(τ, σ) σ
u
]
→σ→∞ ǫµr , (2.17)
and then we obtain
gττ (τ, ~σ) = x˙
2(τ)− 2 x˙µ(τ) bµr (τ, σ) (~σ × ~Ω(τ, σ))r − ǫ (~σ × ~Ω)2 =
=
[
N2 − grsN rN s
]
(τ, ~σ),
gτr(τ, ~σ) =
[
grsN
s
]
(τ, ~σ) =
= x˙µ(τ) b
µ
r (τ, σ)
[
δvr + Ω
v
(r)u(τ, σ) σ
u
]
+ ǫ [~σ × ~Ω(τ, σ)]s
[
δsr + Ω
s
(r)u(τ, σ) σ
u
]
,
−ǫ grs(τ, ~σ) = δrs +
(
Ωr(s)u(τ, σ) + Ω
s
(r)u(τ, σ)
)
σu +
∑
w
Ωw(r)u(τ, σ) Ω
w
(s)v(τ, σ) σ
u σv.
(2.18)
The requirement that gττ (τ, ~σ) and gτr(τ, ~σ) tend to finite limits at spatial infinity puts
the restrictions
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|~Ω(τ, σ)|, |Ωu(r)v(τ, σ)| →σ→∞O(σ−(1+η)), η > 0,
⇓
∂AR
r
s(τ, σ) →σ→∞ O(σ−(1+η)), ⇒ Rrs(τ, σ)→σ→∞O(σ−(1+η)),
zµτ (τ, ~σ) →σ→∞ x˙µ(τ) +O(σ−η),
bµr (τ, σ) →σ→∞ ǫµr +O(σ−(1+η)), zµr (τ, ~σ)→σ→∞ ǫµr +O(σ−(1+η)),
N r(τ, ~σ) zµr (τ, ~σ) →σ→∞ −ǫ x˙ν(τ) ǫνr ǫµr +O(σ−(1+2η)),
N r(τ, ~σ) →σ→∞ −ǫ δrs x˙ν(τ) ǫνs +O(σ−η),
N(τ, ~σ) lµ = [zµτ −N r zµr ](τ, ~σ)→σ→∞ ǫ [x˙ν(τ) lν ] lµ +O(σ−η),
gττ(τ, ~σ) →σ→∞ x˙2(τ) +O(σ−2η),
gτr(τ, ~σ) →σ→∞ x˙µ(τ) ǫµr +O(σ−η),
grs(τ, ~σ) →σ→∞ −ǫ δrs +O(σ−η). (2.19)
Let us look for a family of rotation matrices Rrs(τ, σ) satisfying the condition ǫ gττ (τ, ~σ) >
0 of Eqs.(2.1).
Let us make the ansatz that the Euler angles of R(α, β, γ) have the following factorized
dependence on τ and σ
α(τ, σ) = F (σ) α˜(τ), β(τ, σ) = F (σ) β˜(τ), γ(τ, σ) = F (σ) γ˜(τ), (2.20)
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with
F (σ) > 0,
dF (σ)
dσ
6= 0, F (σ)→σ→∞O(σ−(1+η)). (2.21)
We get
Ω1(τ, σ) = F (σ)
(
˙˜
β(τ) sin [F (σ) γ˜(τ)]− ˙˜α(τ) sin [F (σ) β˜(τ)] cos [F (σ) γ˜(τ)]
)
,
Ω2(τ, σ) = F (σ)
(
˙˜
β(τ) cos [F (σ) γ˜(τ)] + ˙˜α(τ) sin [F (σ) β˜(τ)] sin [F (σ) γ˜(τ)]
)
,
Ω3(τ, σ) = F (σ)
(
˙˜γ(τ) + ˙˜α(τ) cos [F (σ) β˜(τ)]
)
,
⇓
Ωr(τ, σ) = F (σ) Ω˜(τ, σ) nˆr(τ, σ), nˆ2(τ, σ) = 1,
0 < Ω˜(τ, σ) ≤ 2 max
(
˙˜α(τ), ˙˜β(τ), ˙˜γ(τ)
)
= 2M1. (2.22)
Since lµ = ǫµτ
def
= bµτ and b
µ
r (τ, σ) form an orthonormal tetrad [b
µ
A(τ, σ) ηµν b
ν
B(τ, σ) = ηAB],
let us decompose the future time-like 4-velocity x˙µ(τ) on it (vl(τ) is the asymptotic lapse
function)
x˙µ(τ) = vl(τ) l
µ −
∑
r
vr(τ, σ) b
µ
r (τ, σ)
vl(τ) = ǫ x˙µ(τ) l
µ > 0, vr(τ, σ) = ǫ x˙µ(τ) b
µ
r (τ, σ),
ǫ x˙2(τ) = v2l (τ)−
∑
r
v2r(τ, σ) > 0, ⇒
∑
r
v2r (τ, σ) = ~v
2(τ, σ) ≡ ~v2(τ) < v2l (τ), (2.23)
We add the condition
|~v(τ)| ≤ vl(τ)
K
, K > 1. (2.24)
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This condition is slightly stronger than the last of Eqs.(2.23), which does not exclude
the possibility that the observer in ~σ = 0 has a time-like 4-velocity x˙µ(τ) which, however,
becomes light-like at τ = ±∞ [57]. The condition (2.24) excludes this possibility. In other
words the condition (2.24) tell us that the observer is without event-horizon, namely he can
explore all the Minkowski space-time by light-signal.
Then the condition ǫ gττ (τ, ~σ) > 0 becomes
ǫ gττ (τ, ~σ) =
= ǫ x˙2(τ)− 2 σ F (σ) Ω˜(τ, σ)
∑
r
vr(τ, σ)
[
σˆ × nˆ(τ, σ)
]r
− σ2 Ω˜2(τ, σ)F 2(σ)
[
σˆ × nˆ(τ, σ)
]2
=
= c2(τ)− 2 b(τ, ~σ)X(τ, σ)− a2(τ, ~σ)X2(τ, σ) > 0 (2.25)
where we have defined
c2(τ) = ǫ x˙2(τ) = v2l (τ)− ~v2(τ) > 0, c2(τ) ≥
K2 − 1
K2
v2l (τ),
b(τ, ~σ) =
∑
r
vr(τ, σ)
[
σˆ × nˆ(τ, σ)
]r
,
|b(τ, ~σ)| ≤ |~v(τ)| < vl(τ), or |b(τ, ~σ)| ≤ vl(τ)
K
, K > 1,
a2(τ, ~σ) =
[
σˆ × nˆ(τ, σ)
]2
> 0, a2(τ, ~σ) ≤ 1, b2(τ, ~σ) + a2(τ, σ) c2(τ) > 0,
X(τ, σ) = σ F (σ) Ω˜(τ, σ). (2.26)
The study of the equation a2X2+2 bX−c2 = A2 (X−X+) (X−X−) = 0, with solutions
X± =
1
a2
(−b±√b2 + a2 c2), shows that ǫ gττ > 0 implies X− < X < X+; being X− < 0 and
X > 0 [see Eq.(2.22)], we have that a half of the conditions (X− < X) is always satisfied.
We have only to discuss the condition X < X+.
Since −vl/K ≤ b ≤ vl/K, when b increases in this interval X+ decrease with b. This
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implies
X+ >
1
a2
(
− vl
K
+
√
v2l
K2
+ a2 c2
)
,
so that c2 ≥ K2−1
K2
v2l implies that we will have gττ > 0 if 0 < X <
vl
K a2
(
√
1 + (K2 − 1) a2−1),
namely if the function F (σ) satisfies the condition
|F (σ)| < vl(τ)
K σ a2(τ, ~σ) Ω˜(τ, σ)
(√
1 + (K2 − 1) a2(τ, ~σ)− 1
)
=
vl(τ)
K Ω˜(τ, σ)
g(a2).
Since a2 ≤ 1 and g(x) = (1/x)(√1 + (K2 − 1)x− 1) is decreasing for x increasing in the
interval 0 < x < 1 (K > 1), we get g(a2) > g(1) = K − 1 and the stronger condition
|F (σ)| < vl(τ)
K Ω˜(τ, σ)
(K − 1).
The condition (2.22) on the Euler angles and the fact that Eq.(2.24) implies min vl(τ) =
m > 0 lead to the following final condition on F (σ) [59]
0 < F (σ) <
m
2KM1 σ
(K − 1) = 1
M σ
,
dF (σ)
dσ
6= 0,
or |∂τα(τ, σ)|, |∂τβ(τ, σ)|, |∂τγ(τ, σ)| < m
2K σ
(K − 1),
or |Ωr(τ, σ)| < m
K σ
(K − 1). (2.27)
This means that, while the linear velocities x˙µ(τ) and the translational accelerations
x¨µ(τ) are arbitrary, the allowed rotations R(α, β, γ) on the leaves of the foliation have the
rotational frequencies, namely the angular velocities Ωr(τ, σ), limited by an upper bound
proportional to the minimum of the linear velocity vl(τ) = x˙µ(τ) l
µ orthogonal to the parallel
hyper-planes.
Instead of checking the conditions (2.1) on grs(τ, ~σ), let us write
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zµ(τ, ~σ) = ξl(τ, ~σ) l
µ −
∑
r
ξr(τ, ~σ) ǫ
µ
r ,
ξl(τ, ~σ) = ǫ zµ(τ, ~σ) l
µ = ǫ xµ(τ) l
µ = xl(τ),
ξr(τ, ~σ) = ǫ zµ(τ, ~σ) ǫ
µ
r = ǫ xµ(τ) ǫ
µ
r +R
r
s(τ, σ) σ
s = xǫ r(τ) +R
r
s(τ, σ) σ
s, (2.28)
so that we get
∂τ ξl(τ, ~σ) = x˙l(τ) = vl(τ), ∂r ξl(τ, ~σ) = 0,
∂u ξr(τ, ~σ) = R
r
u(τ, σ) + ∂uR
r
s(τ, σ) σ
s =
= Rrv(τ, σ)
[
δvu + ω
v
(u)w(τ, σ) σ
w
]
=
= Rrv(τ, σ)
[
δvu + Φuv(τ, σ)
σu σw
σ
]
def
=
(
R(τ, σ)M(τ, ~σ)
)
ru
, (2.29)
and let us show that σA = (τ, ~σ) 7→ (ξl(τ, ~σ), ξr(τ, ~σ) ) is a coordinate transformation with
positive Jacobian [60]. This will ensure that these foliations with parallel hyper-planes
are defined by embeddings such that σA 7→ xµ = zµ(τ, ~σ) is the inverse of an admissible
4-coordinate transformation xµ 7→ σA.
Therefore we have to study the Jacobian
J(τ, ~σ) =
(
∂ ξl(τ,~σ)
∂τ
∂ ξs(τ,~σ)
∂τ
∂ ξl(τ,~σ)
∂σr
∂ ξs(τ,~σ)
∂σr
)
=
(
vl(τ)
∂ ξs(τ,~σ)
∂τ
0r
(
R(τ, σ)M(τ, ~σ)
)
rs
)
,
det J(τ, ~σ) = vl(τ) det R(τ, σ) det M(τ, ~σ) = vl(τ) det M(τ, ~σ). (2.30)
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To show that det M(τ, ~σ) 6= 0, let us look for the null eigenvectors Wr(τ, ~σ) of the matrix
M(τ, ~σ), Mrs(τ, ~σ)Ws(τ, ~σ) = 0 or Wr(τ, ~σ) − Φuv(τ, σ) σuσ σsWs(τ, ~σ) = 0 [see Eq.(2.16)].
Due to Φuv = −Φvu, we get σsWs(τ, ~σ) = 0 and this implies Wr(τ, ~σ) = 0, i.e. the ab-
sence of null eigenvalues. Therefore det M(τ, ~σ) 6= 0 and an explicit calculation shows that
det M(τ, ~σ) = 1. As a consequence, we get det J(τ, ~σ) = vl(τ) > 0. Therefore, x
µ 7→ σA is
an admissible 4-coordinate transformation.
Let us remark that the congruence of time-like world-lines associated to the constant
normal lµ defines an inertial reference frame: each inertial observer is naturally endowed
with the orthonormal tetrad bµA = (l
µ; ǫµr ).
Let us consider the second skew congruence, whose observer world-lines are
xµ~σ(τ) = z
µ(τ, ~σ), and let us look for an orthonormal tetrad V µA (τ, ~σ) =
(zµτ (τ, ~σ)/
√
ǫ gττ (τ, ~σ);V
µ
r (τ, ~σ)) to be associated to each of its time-like observers. Due to
the orthonormality we have V µA (τ, ~σ) = Λ
µ
ν=A(τ, ~σ) with Λ(τ, ~σ) a Lorentz matrix. There-
fore we can identify them with SO(3, 1) matrices parametrized as the product of a pure
boost with a pure rotation as in Eqs. (2.6). If we introduce
~Er(τ, ~σ) = {Ekr (τ, ~σ)} = Rs=kr (αm(τ, σ), βm(τ, σ), γm(τ, σ))
⇒ ∂
~Er(τ, ~σ)
∂τ
=
def
= ~ωm(τ)× ~Er(τ, ~σ),
Bjk(~βm(τ, ~σ)) = δ
ij +
γ2(~βm(τ, σ))
γ(~βm(τ, σ)) + 1
βim(τ, σ) β
j
m(τ, σ), (2.31)
we can write
V µA (τ, ~σ) = Λ
µ
ν=A(τ, ~σ) =

 1√1−~β2m(τ,~σ)
~βm(τ,~σ)· ~Er(τ,~σ)√
1−~β2m(τ,~σ)
β
j
m(τ,~σ)√
1−~β2m(τ,~σ)
Bjk(~βm(τ, ~σ))E
k
r (τ, ~σ)

 . (2.32)
We stress that for every observer xµ~σ(τ) the choice of the V
µ
r (τ, ~σ)’s, and therefore also
of the ~Er(τ, ~σ)’s, is arbitrary. As a consequence the angular velocity ~ωm(τ) defined by the
second of the Eqs.(2.31) is in general not related with the angular velocity (2.15) defined by
the embedding. On the contrary, the parameter ~βm(τ, ~σ) is related to the embedding by the
relation βim(τ, ~σ) = z
i
τ (τ, ~σ)/z
o
τ (τ, ~σ).
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For every observer xµ~σ(τ) of the congruence, endowed with the orthonormal tetrad
Eµ~σ A(τ) = V
µ
A (τ, ~σ), we get
dEµ~σA(τ)
dτ
= A~σ AB(τ)V µ~σB(τ),
⇒ A~σ AB(τ) = −A~σ BA(τ) = dE
µ
~σ A(τ)
dτ
ηµνE
ν
~σ B(τ), (2.33)
Using the (2.32) we obtain [γ(τ, ~σ) = 1/
√
1− ~β2m(τ, ~σ), ~˙βm(τ, ~σ) = d~βm(τ, ~σ)/dτ ]
a~σ r(τ) = A~σ τr(τ) =
[
−γ (~˙βm · ~Er)− γ
3
γ + 1
(~˙βm · ~βm)(~βm · ~Er)
]
(τ, ~σ)
Ω~σ r(τ) =
1
2
ǫruvA~σ uv(τ) =
=
[
−~ωm · ~Er − γ
2
γ + 1
ǫrsu(~βm · ~Es)(~˙βm · ~Eu)
]
(τ, ~σ) (2.34)
Therefore the acceleration radii (see the Introduction) of these observers are
I1 = ~Ω
2
~σ − ~a2~σ =
[
~ω2m + 2
γ2
γ + 1
~ωm · (~˙βm × ~βm) + γ2(γ − 2) ~˙β2m −
γ6
γ + 1
(~˙βm · ~βm)2
]
(τ, ~σ)
I2 = ~a~σ · ~Ω~σ =
[
γ (~˙βm · ~ωm) + γ
3
γ + 1
(~˙βm · ~βm)(~βm · ~ωm)
]
(τ, ~σ) (2.35)
Let us remark that, even if we have finite acceleration radii, our radar 4-coordinates are
globally defined, differently from Fermi coordinates.
The non-relativistic limit of the embedding (2.14) can be obtained by choosing ǫµr =
(0; eir). We obtain a generalization of the standard translating and rotating 3-coordinate
systems on the hyper-planes of constant absolute Newtonian time
t
′
(τ) = t(τ),
zi(τ, ~σ) = xi(τ) + eir R
r
s(τ, σ) σ
s, (2.36)
without any restriction on rotations, namely with R = R(τ) allowed.
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III. THE MODIFICATION OF EINSTEIN 12 CONVENTION ASSOCIATED TO
ADMISSIBLE RADAR COORDINATES AND THEIR EMPIRICAL DETERMINA-
TION.
In the previous Section we have seen how it possible to build as many conventional
observer-dependent globally defined radar 4-coordinate systems as admissible 3+1 splittings
of space-time. Many of them have the equal-time leaves, describing the conventional instan-
taneous present, not orthogonal to the world-line of the accelerated observer.
In this Section we show that each admissible 3+1 splitting of space-time leads to a
different generalization (see also Havas [39]) of Einstein 1
2
convention for the synchronization
of distant clocks by means of light signals.
Then we show how such generalizations can lead to an operational method for an empir-
ical determination of admissible radar 4-coordinates around the world-line of a non-inertial
observer simulated by a spacecraft belonging to a cluster of spacecrafts (or satellites) like
the one used in the Global Positioning System.
A. A Cluster of Spacecrafts like in the Global Positioning System.
In Eqs.(2.14) we gave a family of embeddings xµ = zµ(τ, ~σ) defining possible notions of
simultaneity, i.e. admissible 3+1 splittings of Minkowski space-time with foliations with
space-like hyper-planes Στ as leaves, to be associated to the world-line x
µ(τ) of an arbitrary
time-like observer γ, chosen as origin of the 3-coordinates on each simultaneity leaf Στ , i.e.
xµ(τ) = zµ(τ,~0) (with this definition in general τ is not the proper time of the observer, but
(τ, ~σ) are a good set of observer-dependent radar coordinates). The space-like hyper-planes
Στ are not orthogonal to γ: if l
µ = ǫµτ is the normal to Στ we have lµ
x˙µ(τ)√
ǫ x˙2(τ)
6= ǫ except in
the limiting case of an inertial observer with 4-velocity proportional to lµ.
If τ is not the proper time of the observer, the proper time Tγ of the standard atomic clock
C of γ will be defined by dTγ =
√
ǫ gττ (τ,~0) dτ [x
µ(τ) = x˜µ(Tγ)]. This defines Tγ = Fγ(τ) as
a monotonic function of τ , whose inverse will be denoted τ = G(Tγ). Moreover, we make an
arbitrary conventional choice of a tetrad (γ)E
µ
A(τ) associated to γ with (γ)E
µ
τ (τ) =
x˙µ(τ)√
ǫ x˙2(τ)
.
Let us consider a set of N arbitrary time-like world-lines xµi (τ), i = 1, .., N , associated to
observers γi, so that γ and the γi’s can be imagined to be the world-lines of N+1 spacecrafts
(like in GPS [24]) with γ chosen as a reference world-line (the accelerated observer). Each
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of the world-lines γi will have an associated standard atomic clock Ci and a conventional
tetrad (γi)E
µ
A(τ).
To compare the distant clocks Ci with C in the chosen notion of simultaneity, we define
the 3-coordinates ~ηi(τ) of the γi
xµi (τ)
def
= zµ(τ, ~ηi(τ)). (3.1)
Then the proper times Tγi of the clocks Ci will be expressed in terms of the scalar coordinate
time τ of the chosen simultaneity as
dTγi =
√
ǫ
[
gττ (τ, ~ηi(τ)) + 2gτr(τ, ~ηi(τ)) η˙r(τ) + grs(τ, ~ηi(τ)) η˙r(τ) η˙s(τ)
]
dτ, (3.2)
so that with this notion of simultaneity the proper times Tγi are connected to the proper
time Tγ by the following relations
dTγi =
√
gττ (τ, ~ηi(τ)) + 2gτr(τ, ~ηi(τ)) η˙
r
i (τ) + grs(τ, ~ηi(τ)) η˙
r
i (τ) η˙
s
i (τ)
gττ(τ,~0)
∣∣∣∣∣
τ=G(Tγ)
dTγ. (3.3)
This determines the synchronization of the N + 1 clocks once we have expressed the
3-coordinates ~ηi(τ) in terms of the given world-lines x
µ(τ), xµi (τ) and of an admissible
embedding. For the embedding (2.14) from the definition
xµi (τ) = z
µ(τ, ~ηi(τ)) = x
µ(τ) + ǫµr R
r
s(τ, |~ηi(τ)|) ηsi (τ), (3.4)
we get [ |~ηi(τ)| def=
√
δrs η
r
i (τ) η
s
i (τ), η
r
i (τ) = |~ηi(τ)| nˆri (τ), δrs nˆri (τ) nˆsi (τ) = 1]
ηui (τ) = −
∑
w
[R−1(τ, |~ηi(τ)|)]uw ǫνw [xiν(τ)− xν(τ)]. (3.5)
Then, if we put the solution
|~ηi(τ)| = Fi
[
ǫµr
(
xiµ(τ)− xµ(τ)
)]
, (3.6)
of the equations
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|~ηi(τ)|2 = δrs
∑
mn
[R−1(τ, |~ηi(τ)|)]rm [R−1(τ, |~ηi(τ)|)]sn
ǫµm [xiµ(τ)− xµ(τ)] ǫνn [xiν(τ)− xν(τ)], (3.7)
into Eqs.(3.5), we obtain the looked for expression of the 3-coordinates ~ηi(τ)
ηui (τ) = −
∑
m
[
R−1(τ, Fi[ǫ
α
w (xiα(τ)− xα(τ))])
]u
m ǫ
ν
m [xiν(τ)− xν(τ)]. (3.8)
B. The Modification of Einstein 12 Convention for a Møller Admissible Radar
Coordinate System.
Let us now consider an admissible embedding xµ = zµ(τ, ~σ) of the family (2.14) (but the
discussion applies to every admissible embedding), where (τ, ~σ) are the radar coordinates
adapted to the accelerated observer with world-line γ. On the simultaneity leave Στ having
the point Q of 4-coordinates xµ(τ) on γ as origin of the 3-coordinates ~σ, let us consider a
point P on Στ with coordinates z
µ(τ, ~σ) (for ~σ = ~ηi(τ) it corresponds to the spacecraft γi).
We want to express the observer-dependent radar 4-coordinates τ = τ(P ), ~σ = ~σ(P ) of P
in terms of data on the world-line γ corresponding to the emission of a light signal in Q− at
τ− < τ and to its reception in Q+ at τ+ > τ after reflection at P .
Let xµ(τ−) be the intersection of the world-line γ with the past light-cone through P and
xµ(τ+) the intersection with the future light-cone through P . To find τ± we have to solve the
equations ∆2± = [x
µ(τ±)− zµ(τ, ~σ)]2 = 0 with ∆µ± = xµ(τ±)− zµ(τ, ~σ). We are interested in
the solutions ∆o+ = |~∆+| and ∆o− = −|~∆−|. Let us remark that on the simultaneity surfaces
Στ we have x
o(τ) 6= zo(τ, ~σ) for the Cartesian coordinate times.
Let us show that the γ-dependent radar coordinates τ and ~σ of the event P , with Cartesian
4-coordinates zµ(τ, ~σ) in an inertial system, can be determined in terms of the emission
scalar time τ− of the light signal, the emission unit 3-direction nˆ(τ−)(θ(τ−), φ(τ−)) [so that
△µ− = |~△−| (−ǫ; nˆ(τ−)) ] and the reception scalar time τ+ registered by the observer γ with
world-line xµ(τ) [61]. These data are usually given in terms of the proper time T (τ) of the
observer γ by using dT =
√
ǫ gττ (τ,~0) dτ .
Let us introduce the following parametrization by using Eqs.(2.14)
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zµ(τ, ~σ) = xµ(τ) + ǫµr R
r
s(τ, σ) σ
s def=
def
=
[
ξl(τ, ~σ) l
µ + ξr(τ, ~σ) ǫµr
]
=
=
[
xl(τ) l
µ +
∑
r
[xrǫ(τ) + ζ
r(τ, ~σ)] ǫµr
]
,
ξl(τ, ~σ) = ǫ zµ(τ, ~σ) l
µ = ǫ xµ(τ) l
µ = xl(τ),
ξr(τ, ~σ) = ǫ zµ(τ, ~σ) ǫ
µ
r = x
r
ǫ(τ) + ζ
r(τ, ~σ),
xrǫ(τ) = ǫ xµ(τ) ǫ
µ
r , ζ
r(τ, ~σ) = Rrs(τ, σ) σ
s→σ→∞ σr. (3.9)
Then the two equations△2± = [xµ(τ±)−zµ(τ, ~σ)]2 = ǫ ([xl(τ±)−xl(τ)]2−[~xǫ(τ±)−~xǫ(τ)−
~ζ(τ, ~σ)]2) = 0 can be rewritten in the form
xl(τ+) = xl(τ) + |~△+| = xl(τ) + |~xǫ(τ+)− ~ξ(τ, ~σ)|,
|~∆+| = |~xǫ(τ+)− ~ξ(τ, ~σ)|→σ→∞ |~xǫ(τ+)− ~xǫ(τ)− ~σ|,
xl(τ−) = xl(τ)− |~△−| = xl(τ)− |~xǫ(τ−)− ~ξ(τ, ~σ)|,
|~∆−| = |~xǫ(τ−)− ~ξ(τ, ~σ)|→σ→∞ |~xǫ(τ−)− ~xǫ(τ)− ~σ|. (3.10)
It can be shown [62] that, if no observer is allowed to become a Rindler observer [58],
then each equation admits a unique [63] solution τ± = T±(τ, ~σ).
Therefore the following four data measured by the observer γ
τ± = T±(τ, ~σ),
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nˆ(τ−)(θ(τ−), φ(τ−)) =
(
sin θ(τ−) sin φ(τ−), sin θ(τ−) cos φ(τ−), cos θ(τ−)
)
=
=
~△−
|~△−|
=
~xǫ(τ−)− ~xǫ(τ)− ~ζ(τ, ~σ)
|~xǫ(τ−)− ~xǫ(τ)− ~ζ(τ, ~σ)|
∣∣∣∣∣
τ−=T−(τ,~σ)
= mˆ(τ, ~σ), (3.11)
can be inverted to get the adapted coordinates τ(P ), ~σ(P ) of the event P with 4-coordinates
zµ(τ, ~σ) in terms of the data (Einstein’s convention for the radar time would be E = 1
2
)
τ(P ) = τ(τ−, nˆ(τ−), τ+)
def
= τ− + E(τ−, nˆ(τ−), τ+) [τ+ − τ−],
~σ(P ) = ~G(τ−, nˆ(τ−), τ+)→τ+→τ− 0. (3.12)
Let us remark that
i) for xµ(τ) = τ lµ (inertial observer with world-line orthogonal to Στ ; ~xǫ(τ) = 0) we get
the Einstein’s convention for the radar time, because we have
τ± = τ ± |~ζ(τ, ~σ)|, τ = τ− + 1
2
(τ+ − τ−) = 1
2
(τ+ + τ−), E = 1
2
,
σ = |~ζ(τ, ~σ)| = 1
2
(τ+ − τ−), ζr(τ, ~σ) = −1
2
(τ+ − τ−) nˆr(τ−),
σr = Gr = 1
2
(τ+ − τ−) (R−1)rs(τ+ + τ−
2
,
τ+ − τ−
2
) nˆs(τ−);
ii) for xµ(τ) = τ [lµ + ǫµr a
r] (inertial observer with world-line non-orthogonal to Στ ;
~xǫ(τ) = τ ~a), after some straightforward calculations, we get
τ± = τ +
1
1− ~a2
[
− ~a · ~ζ(τ, ~σ)±
√
(~a · ~ζ(τ, ~σ))2 + (1− ~a2) σ2
]
,
τ =
1
2
[
τ+ + τ− +
τ+ − τ−
1− ~a2
√
~a2 + ~a · nˆ(τ−)
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)
]
,
E = 1
2
[
1 +
1
1− ~a2
√
~a2 + ~a · nˆ(τ−)
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)
]
,
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σ = |~ζ(τ, ~σ)| = 1
2
(τ+ − τ−)
√
1 + ~a2 + 2~a · nˆ(τ−)
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)
,
ζr(τ, ~σ)
|~ζ(τ, ~σ)|
= −
√
~a2 + ~a · nˆ(τ−) +
√
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)√
1 + ~a2 + 2~a · nˆ(τ−)
ar + nˆr(τ−)
1− ~a2 ,
σr = Gr = −1
2
(τ+ − τ−)
(
1 +
√
~a2 + ~a · nˆ(τ−)
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)
)
(R−1)rs
(1
2
[
τ+ + τ− +
τ+ − τ−
1− ~a2
√
~a2 + ~a · nˆ(τ−)
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)
]
,
1
2
(τ+ − τ−)
√
1 + ~a2 + 2~a · nˆ(τ−)
1 + ~a2 − ~a4 + (3− 2~a2)~a · nˆ(τ−)
) as + nˆs(τ−)
1− ~a2 ;
iii) for non-inertial trajectories xµ(τ) = f(τ) lµ+ ǫµr g
r(τ) [ǫ [f˙ 2(τ)−∑r g˙r(τ) g˙r(τ)] > 0]
the evaluation of E and ~G cannot be done analytically, but only numerically.
In conclusion, each admissible 3+1 splitting of Minkowski space-time together with an
accelerated observer of world-line γ defines four functions E(τ−, nˆ(τ−), τ+), ~G(τ−, nˆ(τ−), τ+)
describing the modification of the Einstein 1
2
convention associated to the observer-dependent
radar coordinates describing the simultaneity surfaces of the foliation. Since the admissible
foliation of Minkowski space-time is well defined at spatial infinity, the functions E and ~G
will have a finite limit for τ± → ±∞, i.e. at spatial infinity on Στ .
Let us add a remark on the one-way velocity of light associated to these modifications of
Einstein convention for the synchronization of distant clocks.
Given an admissible embedding zµ(τ, ~σ) and its associated 4-metric gAB(τ, ~σ), the in-
stantaneous spatial distance between two events P and Q on the same hyper-surface Στ
is given by the line element on Στ : dℓ(τ, ~σ) =
√−ǫ grs(τ, ~σ) dσr dσs. If P and Q have a
finite separation, their spatial distance is obtained by integrating this line element along a
geodesic on Στ connecting them, Γ(P,Q): Dτ (P,Q) =
∫
Γ(P,Q)
dℓ(τ, ~σ).
If Q is on the observer world-line γ, with coordinates (τ,~0), and the nearby P has co-
ordinates (τ, d~σ), then we have dℓτ (P,Q) =
√−ǫ grs(τ, 0) dσr dσs (gττ (τ, 0) defines the re-
lation between the τ and the observer proper time Tγ). Then the coordinates of P can be
parametrized in the form dσr = nˆr dℓτ (P,Q), where nˆ
r are the components of a unit 3-vector
[ǫ grs(τ, 0) nˆ
r nˆs = −1].
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We have now all the elements to define the instantaneous velocity of light for a ray
emitted by the observer γ at Q (on Στ) in the direction nˆ
r. If we assume that the ray of
light is received at the event P with radar coordinates
(
τ + dτP , dσ
r = nˆr dℓτ (P,Q)
)
, the
instantaneous velocity of light is c− =
dℓτ (P,Q)
dτQ
, if the infinitesimal time difference is given by
the future pointing solution of the equation gττ (τ, 0)(dτP )
2+2gτr(τ, 0) nˆ
r dτP−[dℓτ (P,Q)]2 =
0. Therefore, we obtain the following non-isotropic, synchronization-dependent velocity of
light
c− = gτr(τ, 0) nˆ
r +
√
(gτr(τ, 0) nˆr)2 + gττ (τ, 0). (3.13)
Following Synge [64] and using the functions T±(τ, ~σ) of Eqs.(3.11), we can
show that we have [dℓτ (P,Q)]
2 = 1
gττ (τ,0)
∂T+
∂σr
(τ, 0) ∂T
−
∂σs
(τ, 0)dσr dσs and grτ (τ, 0) =
1
2gττ (τ,0)
(
∂T+
∂σr
(τ, 0) + ∂T
−
∂σs
(τ, 0)
)
. As a consequence, an observer choice of the synchroniza-
tion convention, i.e. of T±(τ, ~σ), determines both the infinitesimal spatial distance and the
instantaneous velocity of light.
Instead, in Section 4 of Ref.[37], there is an attempt to define a mean spatial distance and
mean one-way light velocities, when the observer γ emits a ray of light at τ− (event Q−) and
reabsorbs it at τ+ (event Q+) after a reflection at P . If we call |~∆−| the light distance of
Q− on γ to P and |~∆+| the light distance of P to Q+ on γ (these are mean distances) we
get the following two mean one-way velocities of light (with c = 1) in coordinates adapted
to the given notion of simultaneity
c− =
|~∆−|
τ − τ− =
|~∆−|
E (τ+ − τ−) =
2 η |~∆|
E (τ+ − τ−) , fromQ− to P,
c+ =
|~∆+|
τ+ − τ =
|~∆+|
(1− E) (τ+ − τ−) =
2 (1− η) |~∆|
(1− E) (τ+ − τ−) , fromP toQ+,
|~∆| def= 1
2
(|~∆+|+ |~∆−|), η def= |
~∆−|
|~∆+|+ |~∆−|
. (3.14)
If cτ =
2 |~∆|
τ+−τ−
is the isotropic average round-trip τ -coordinate velocity of light, we get
c+ =
1−η
1−E
cτ , c− =
η
E
cτ .
If xµ(τ) is a straight-line (inertial observer) we can adopt Einstein’s convention E = 1
2
,
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i.e. τ(P ) = 1
2
(τ++ τ−) and |~σ| = |~G| = 12 (τ+− τ−) (hyper-planes orthogonal to the observer
world-line). This implies |~∆+| = |~∆−| and η = 12 .
Instead, if we ask cτ = c+ = c−, i.e. isotropy of light propagation, we get E = η. The
conclusion of Ref. [37] is that once we have made a convention on two of the quantities
spatial distance, one-way speed of light and simultaneity, the third one is automatically de-
termined. We have seen that at the level of exact, not mean, quantities the convention about
simultaneity and the associated geodesic spatial distance on Στ are enough to determine the
one-way velocity of light.
C. The Inverse Problem and the Empirical Determination of a Set of Radar Co-
ordinates.
We can now formulate an inverse problem: which are the restrictions on four functions
E(τ−, nˆ(τ−), τ+), ~G(τ−, nˆ(τ−), τ+), so that they describe the modification of Einstein 12 conven-
tion for an accelerated observer using the leaves of an admissible 3+1 splitting of Minkowski
space-time as simultaneity surfaces?
Let us consider an infinitesimal displacement δzµ = zµ(τ + δτ, ~σ+ δ~σ)− zµ(τ, ~σ) of P on
Στ to P
′
on Στ+δτ . The event P
′
will receive light signals from the event Q(τ− + δτ−) on
γ and will reflect them towards the event Q(τ+ + δτ+) on γ. Now, using ∆
2
± = 0, we have
∆
′ µ
± = ∆
µ
±+ x˙
µ(τ±) δτ±− δzµ and ∆′ 2± = 2∆µ± [x˙µ(τ±) δτ±− δzµ]+ (higher order terms). As
a consequence we get (see Ref.[13])
∂τ±
∂zµ
=
∆±µ
∆± · x˙(τ±) ,
with ǫ∆+ ·∆− < 0, ǫ x˙(τ+) ·∆+ > 0, ǫ x˙(τ−) ·∆− < 0. (3.15)
Since ∂τ(P )
∂zµ
is a time-like 4-vector orthogonal to Στ , it must be proportional to the normal
lµ to the space-like hyper-planes of the foliation (2.14) till now considered. For a general
admissible foliation we have (from △2− = 0 we get △− · ∂△−∂zµ = 0 and then △µ−
∂nˆτ−
∂zµ
= 0;
instead in general △µ+ ∂nˆτ−∂zµ 6= 0)
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∂τ(P )
∂zµ
=
[
E + (τ+ − τ−) ∂E
∂τ+
] ∂τ+
∂zµ
+
+
[
1− E + (τ+ − τ−) ∂E
∂τ−
] ∂τ−
∂zµ
+
+ (τ+ − τ−) ∂E
∂ nˆ(τ−)
∂nˆ(τ−)
∂zµ
=
=
[
E + (τ+ − τ−) ∂E
∂τ+
] ∆+µ
∆+ · x˙(τ+) +
+
[
1− E + (τ+ − τ−)
( ∂E
∂τ−
+
∂E
∂ nˆ(τ−)
∂nˆ(τ−)
∂τ−
)] ∆−µ
∆− · x˙(τ−) +
+ (τ+ − τ−) ∂E
∂ nˆ(τ−)
∂nˆ(τ−)
∂zµ
,
ǫ
(∂τ(P )
∂zµ
)2
= ǫ
∆+ ·∆−
∆+ · x˙(τ+)∆− · x˙(τ−)
[
E + (τ+ − τ−) ∂E
∂τ+
]
[
1− E + (τ+ − τ−) ∂E
∂τ−
]
+ (τ+ − τ−)2
( ∂E
∂ nˆ(τ−)
)2 (∂nˆ(τ−)
∂zµ
)2
+
+ 2 (τ+ − τ−)
[
E + (τ+ − τ−) ∂E
∂τ+
] ∂E
∂ nˆ(τ−)
△+ · ∂nˆ(τ−)∂zµ
△+ · x˙(τ+) > 0,
for every τ−, θ(τ−), φ(τ−), τ+. (3.16)
This is the condition on the function E(τ−, nˆ(τ−), τ+) to have an admissible foliation.
Since ǫ ∆+·∆−
∆+·x˙(τ+)∆−·x˙(τ−)
> 0, in the special case ∂E
∂nˆ(τ−)
= 0 it must be
[
E + (τ+ − τ−) ∂E
∂τ+
] [
1− E + (τ+ − τ−) ∂E
∂τ−
]
> 0,
⇓
E + (τ+ − τ−) ∂E
∂τ+
≶ 0, 1− E + (τ+ − τ−) ∂E
∂τ−
≶ 0. (3.17)
If xµ = zµ(τ, ~σ) is the admissible embedding generating the four functions E and ~G,
the inverse transformation xµ 7→
(
τ(x);~σ(x) = ~G(x)
)
allows to define the inverse metric
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gAB(τ, ~σ) = ∂σ
A(x)
∂xµ
∂σB(x)
∂xν
ηµν , also satisfying Eqs.(2.1), and the condition (3.16) on E turns
out to be nothing else that ǫ gττ(τ, ~σ) > 0. As a consequence the four functions E and ~G
generating an admissible 3+1 splitting of Minkowski space-time must be such that E satisfies
Eq.(3.16) and ~G generates an inverse 3-metric grs(τ, ~σ) = ∂Gr(x)
∂xµ
∂Gs(x)
∂xν
ηµν which satisfies the
conditions
ǫ grr(τ, ~σ) < 0,
grr grs
gsr gss
(τ, ~σ) > 0, ǫ det |grs(τ, ~σ)| < 0,
⇒ det |gAB(τ, ~σ)| < 0. (3.18)
Moreover, for σ → ∞ the quantities
(
∂τ(x)
∂xµ
; ∂G
r(x)
∂xµ
)
must tend to a constant limit ǫAµ =
(ǫτµ; ǫ
r
µ), where the asymptotic cotetrad ǫ
A
µ is dual to the asymptotic tetrad ǫ
µ
A appearing in
the embedding of the leaves of the admissible 3+1 splitting.
Therefore, given the world-line xµ(τ) of an observer γ and four functions 0 <
E(τ−, nˆ(τ−), τ+) < 1 and ~G(τ−, nˆ(τ−), τ+)→τ+→τ− 0, with a finite limit for τ± → ±∞, with
E(τ−, nˆ(τ−), τ+) satisfying Eq.(3.16) and with ~G(τ−, nˆ(τ−), τ+) satisfying Eqs.(3.18), we can
build the admissible observer-dependent 4-coordinates τ , ~σ of a γ-dependent notion of simul-
taneity, because Eqs.(3.16) and (3.18) ensure that the surfaces Στ are the space-like leaves
of an admissible 3+1 splitting.
As a consequence, to give four admissible functions E(τ−, nˆ(τ−), τ+), ~G(τ−, nˆ(τ−), τ+) is
equivalent to define an operational method to build a grid of radar 4-coordinates associated
with the arbitrarily given time-like world-line xµ(τ) = zµ(τ,~0) of the spacecraft γ, i.e. of
an accelerated observer. The reconstruction of the admissible embedding zµ(τ, ~σ) (we have
used Eq.(2.14) as an example) is done locally [65] by the observer γ with a suitable computer
software, which, starting from the four functions, builds the associated simultaneity surfaces
on which the clocks of the spacecrafts γi are synchronized. This procedure simulates the
use of light signals emitted by γ and reflected towards γ from the other spacecrafts γi. This
justify the name radar 4-coordinates.
In general relativity on globally hyperbolic space-times, we can define in a similar way
the admissible, dynamically determined [40, 47], global notions of simultaneity and the
admissible one-way velocities of test light. Then the knowledge of the functions E and ~G,
associated to an admissible notion of simultaneity, will allow an operational determination
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of the 4-coordinates (τ, ~σ) adapted to the chosen notion of simultaneity with simultaneity
surfaces τ = const. as radar coordinates. This is a step towards implementing the operational
definition of space-time proposed in Refs. [46, 47]. The lacking ingredient is an operational
confrontation of the tetrads (γi)E
µ
A(τ) with the tetrad (γ)E
µ
A(τ) of the reference world-line:
this would allow a determination of the 4-metric in the built radar 4-coordinates on a finite
region of space-time around the N + 1 spacecrafts of the GPS type, whose trajectories are
supposed known (for instance determined with the standard techniques of space navigation
[23] controlled by a station on the Earth). See Refs.[66] for other approaches to GPS type
coordinates.
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IV. CONCLUSIONS.
Traditionally, due to the relativity principle, special relativity is presented in inertial
frames and the role of the instantaneous 3-space of every inertial observer is taken by the
xo = const. hyper-planes, on which all the clocks are assumed to be synchronized. This
choice implies the orthogonality of the simultaneity surfaces to the straight world-lines of
the inertial observers and Einstein 1
2
convention for the synchronization of distant clocks.
However, actual observers are always non inertial and rotating. Till now all the efforts to
define an instantaneous 3-space for an accelerated observer tried to preserve the two proper-
ties of orthogonality of the simultaneity surfaces to the observer world-line and of Einstein
synchronization. The consequence of these requirements was the appearance of coordinate
singularities: Fermi coordinates are only a local coordinate chart defined in a suitable world-
tube around the accelerated observer. Analogously, in extended rotating relativistic systems
like the rotating disk there is no accord on which can be the disk instantaneous 3-space
and the use of Einstein convention, starting from the rotation axis, leads to synchroniza-
tion gaps and discontinuities (see Ref.[21] and its bibliography). Again there are coordinate
singularities signalled by the pathologies of the rotating 4-metrics.
With only a local coordinate chart instead of an equal-time Cauchy surface with a good
atlas of coordinates, the accelerated observer cannot integrate Maxwell equations and check
the validity of the conservation laws.
These problems become worse in general relativity, even in the case of globally hyperbolic
space-times. Fermi or Martzke-Wheeler 4-coordinates again constitute only local coordinate
charts around the (either geodesic or accelerated) world-line of a time-like observer and the
use of Einstein convention [67] for the definition of an instantaneous 3-space (identified with
a tangent space) has a limited range of validity.
In this paper we have emphasized that, given an arbitrary accelerated observer, the def-
inition of an instantaneous 3-space is both observer-dependent and conventional and that
there are as many possibilities as admissible 3+1 splittings of space-time, namely of nice
foliations with space-like hyper-surfaces satisfying Møller and asymptotic (at spatial infin-
ity) admissibility conditions, implying for instance the non-existence of relativistic rigidly
rotating frames (only differential rotations are admissible). Each admissible 3+1 splitting al-
lows to find an observer-adapted globally defined radar 4-coordinate system for non-inertial
frames centered on anyone of the time-like observers of the two naturally associated congru-
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ences and a globally defined notion of instantaneous 3-space which is also a good Cauchy
surface for the equations of motion. Besides the Eulerian observers with world-lines orthog-
onal to the simultaneity surfaces, each admissible 3+1 splitting identifies a non-orthogonal
congruence of time-like observers with non-zero vorticity, whose unit 4-velocity field (the
evolution vector field of the foliation) simulates a rotating disk. In this way a foliation,
whose leaves are genuine instantaneous 3-spaces for a rotating disk, may be identified with
standard notions of spatial distances and one-way velocity of light based on a well defined
modification of Einstein convention.
These notions of instantaneous 3-space for an accelerated observer are globally defined
and the synchronization of distant clocks is done with a generalization of Einstein convention
(following an old suggestion of Havas [39]). We have also suggested an empirical method
for a local construction of this type of radar coordinates around an accelerated observer (a
spacecraft of a cluster like in GPS).
Finally, when we have a Lagrangian description of an isolated system in special relativ-
ity, it can be generalized to a parametrized Minkowski theory in which the embeddings of
the simultaneity surfaces are configuration gauge variables. The restricted general covari-
ance (frame-preserving diffeomorphisms) of these theories implies that all the admissible
conventions about the instantaneous 3-space, to be also used as Cauchy surface for the
equations of motion of the system, are gauge equivalent. Each gauge choice identifies a non-
rigid non-inertial frame (i.e. a physical extended non-inertial laboratory)) with a notion of
instantaneous 3-space and the gauge transformations are nothing else that the coordinate
transformations among such frames.
In general relativity in globally hyperbolic, asymptotically flat at spatial infinity space-
times without super-translations, we have the same pattern if we use the Hamiltonian treat-
ment of metric and tetrad gravity developed in Refs.[46, 47]. As shown in Refs.[3, 21, 39]
the definition of an instantaneous 3-space is again observer-dependent and conventional and
all the admissible conventions (3+1 splittings) are gauge equivalent. But now, since the
chrono-geometrical structure of a general relativistic space-time is dynamical, each solution
of Hamilton equations (i.e. of Einstein’s equations) identifies on-shell a dynamical notion
of simultaneity in each coordinate system admissible for that solution (see Refs.[40, 47] for
more details). In other words, in each Einstein’s space-time there is a dynamical emer-
gence of a notion of instantaneous 3-space in each coordinate system, namely a dynamical
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definition of the non-rigid non-inertial frame using that coordinate system (i.e. a physical
extended laboratory) [70].
Till now all these problems have been considered academic and all space experiments
around the Earth (GPS included) have been done by replacing the conventions for the choice
of an instantaneous 3-space with a set of empirical (often semi-Galilean) transformation rules
and with ad hoc Sagnac corrections of the rotating clocks to match descriptions in different
accelerated local coordinate systems (one of them is always a rotating Earth-fixed one).
However, the development of high precision laser cooled clocks and their synchronization
with one-way light signals [22], space navigation in the solar system [23], GPS and Galileo
system [24], VLBI [71], LISA [27] are pointing towards the necessity to rephrase relativis-
tic phenomena in the 3+1 framework of this paper by using conventional globally defined
observer-dependent radar coordinates not influenced by the rotation of the Earth. They
would correspond to physical space laboratories (non-rigid non-inertial reference frames)
with the transformation rules among them given by suitable frame preserving diffeomor-
phisms. In the post-Newtonian approximation to the gravitational field of the geoid these
laboratories are further restricted by the requirement of reproducing the (dynamically de-
termined) post-Newtonian 4-metric around the geoid.
Let us finish with a list of problems to be treated in the next future:
1) Write explicitly the coordinate transformations between the admissible radar coor-
dinate systems used in Section VID of Ref.[21] for the one-way time delay of the signals
between Earth and a satellite and the (locally defined) rotating laboratories fixed on the
Earth.
2) Since the observer-dependent radar coordinates are Lorentz scalars, study how the
phenomena of length contraction and time dilation (evident in inertial Cartesian coordinates)
are reformulated in this language.
3) Include the (dynamically determined) post-Newtonian effects of the gravitational field
of the solar system, like it happens with the prescribed IAU 4-metrics for the Solar and
Geocentric Celestial Frames [4], which however have fixed axes identified by the fixed stars
like in Minkowski space-time.
3A) If we insist that these 4-metrics live in Minkowski space-time, find the post-
Newtonian Møller admissible simultaneity surfaces (they cannot be hyper-planes xo =
const.).
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3B) If the IAU frames live in general relativistic globally hyperbolic space-times in
which the Sun or the Earth are accelerated observers, find which theoretical type (harmonic,
3-orthogonal, ..) of 4-coordinates is approximated by the IAU 4-metrics and fixed axes and
which are the dynamically allowed simultaneity surfaces.
4) In particular, try to understand to which theoretical type of 4-coordinates are asso-
ciated the empirical NASA coordinates used for the orbits of satellites [72]. We have to
identify some experiment, whose post-Newtonian description in different theoretical coordi-
nates is possible, to be used to make a theoretical calibration of the empirical coordinates.
For instance the (coordinate- and fixed star- dependent) Shapiro time delay of the geoid to
be measured by the future ESA ACES mission on the synchronization of laser cooled clocks
located on the Earth and on the space station [22]. Also the synchronization of the three
clocks on the LISA spacecrafts will require the framework developed in this paper.
5) Try to translate the astronomical, astrophysical and cosmological definitions of distance
of stars and galaxies from the Earth in a notion of simultaneity, i.e. in a convention on
the synchronization of distant clocks, since, differently from experiments inside the solar
system with spacecrafts with synchronized clocks, here the clock on the star is replaced by a
definition of distance and a hypothesis on the one-way velocity of light. Do all these distances
correspond to Einstein 1
2
convention, like it is probably true for the parallax distance?
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APPENDIX A: NOTION OF SIMULTANEITY ASSOCIATED TO ROTATING
REFERENCE FRAMES.
In this Section we consider the inverse problem of finding a foliation of Minkowski space-
time with simultaneity surfaces associated to a given arbitrary reference frame with non-zero
vorticity, namely to a time-like vector field whose expression in Cartesian 4-coordinates in
an inertial system is u˜µ(x) with u˜2(x) = ǫ. In other words we are looking for embed-
dings zµ(τ, ~σ), inverse of an admissible 4-coordinate transformation, such that we have
u˜µ(z(τ, ~σ)) = uµ(τ, ~σ) = zµτ (τ, ~σ)/
√
ǫ gττ (τ, ~σ). Let us remark that if the vorticity is zero,
the vector field u˜µ(x) is surface-forming, there is a foliation whose surfaces have the normal
field proportional to uµ(τ, ~σ) and these surfaces automatically give an admissible foliation
with space-like hyper-surfaces of Minkowski space-time.
Let us first show that, given an arbitrary time-like vector field u˜µ(x), the looked for
foliation exists. Let us consider the equation
u˜µ(x)
∂s(x)
∂xµ
= 0, (A1)
where s(x) is a scalar field. This equation means that s(x) is constant along the integral
lines xµ(s) [dxµ(s)/ds = u˜µ(x(s))] of the vector field, i.e. it is a comoving quantity, since
ds(x(s))
ds
= u˜µ(x(s))
∂s
∂xµ
(x(s)) = 0. (A2)
Since Eq.(A1) has three independent solutions s(r)(x) , r = 1, 2, 3, they can be used to
identify three coordinates σr(x) = s(r)(x). Moreover the three 4-vectors ∂σ
r(x)
∂xµ
are space-like
by construction.
Since Minkowski space-time is globally hyperbolic, there exist time-functions τ(x) such
that i) τ(x) = const. defines space-like hyper-surfaces; ii) ∂τ(x)
∂xµ
is a time-like 4-vector.
As a consequence we can build an invertible 4-coordinate transformation xµ 7→ σA(x) =
(τ(x), σr(x)), with inverse σA = (τ, σr) 7→ xµ = zµ(τ, ~σ) for every choice of τ(x). It can be
shown that we get always a non-vanishing Jacobian [73]
J = det
(∂τ(x)
∂xµ
,
∂σr(x)
∂xµ
)
6= 0. (A3)
By using
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∂σA(x)
∂xν
∂xµ
∂σA
(σ(x)) = ηµν , (A4)
and Eq.(A1) we get the desired result
u˜µ(x) = u˜ν(x)
∂σA(x)
∂xν
∂xµ
∂σA
(σ(x)) =
(
u˜ν(x)
∂τ(x)
∂xν
) ∂zµ(τ, ~σ)
∂τ
=
zµτ (τ, ~σ)√
ǫ gττ (τ, ~σ)
. (A5)
Given a unit time-like vector field u˜µ(x) = uµ(τ, ~σ) such that uµ(τ, ~σ)→|~σ|→∞ nµ(τ) and
∂uµ(τ,~σ)
∂σr
→|~σ|→∞ 0, to find the embeddings zµ(τ, ~σ) we must integrate the equation
∂zµ(τ, ~σ)
∂τ
= f(τ, ~σ) uµ(τ, ~σ), u2(τ, ~σ) = ǫ, (A6)
where f(τ, ~σ) is an integrating factor.
Since Eq.(A6) implies ǫ gττ (τ, ~σ) = f
2(τ, ~σ) > 0, the only restrictions on the integrating
factor are:
i) it must never vanish;
ii) f(τ, ~σ)→|~σ|→∞ f(τ) finite.
The integration of Eq.(A2) gives
zµ(τ, ~σ) = gµ(~σ) +
∫ τ
o
dτ1 f(τ1, ~σ) u
µ(τ1, ~σ),
⇓
zµr (τ, ~σ) = ∂r g(~σ) +
∫ τ
o
dτ1 ∂r [f(τ1, ~σ) u
µ(τ, ~σ)],
gτr(τ, ~σ) = f(τ, ~σ) uµ(τ, ~σ)
[
∂r g(~σ) +
∫ τ
o
dτ1 ∂r [f(τ1, ~σ) u
µ(τ, ~σ)]
]
→|~σ|→∞ f(τ)nµ(τ)
[
lim
|~σ|→∞
∂r g(~σ)
]
, (A7)
where g(~σ) is arbitrary and we have assumed that the integrating factor satisfies
∂r f(τ, ~σ)→|~σ|→∞ 0.
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For the sake of simplicity let us choose g(~σ) = ǫµr σ
r with the constant 4-vectors ǫµr
belonging to an orthonormal tetrad ǫµA. Then gτr(τ, ~σ) has the finite limit f(τ)nµ(τ) ǫ
µ
r .
With this choice for g(~σ) we get
zµr (τ, ~σ) = [δrs + αrs(τ, ~σ)] ǫ
µ
s + βr(τ, ~σ) ǫ
µ
τ ,
αrs(τ, ~σ) =
∫ τ
o
dτ1 ∂r [f(τ1, ~σ) ǫsµ u
µ(τ1, ~σ)],
βr(τ, ~σ) =
∫ τ
o
dτ1 ∂r [f(τ1, ~σ) ǫτµ u
µ(τ1, ~σ)]. (A8)
Since uµ(τ, ~σ) and ǫµτ are future time-like [ǫ u
o(τ, ~σ) > 0, ǫ ǫoτ > 0], we have u
µ(τ, ~σ) =
ǫ a(τ, ~σ) ǫµτ + br(τ, ~σ) ǫ
µ
r with a(τ, ~σ) > 0 and without zeroes.
Let us determine the integrating factor f(τ, ~σ) by requiring βr(τ, ~σ) = 0 as a consequence
of the equation
0 = ǫ ∂r [f(τ, ~σ) ǫτµ u
µ(τ, ~σ)] = f(τ, ~σ) ∂r a(τ, ~σ) + ∂r f(τ, ~σ) a(τ, ~σ),
⇓
f(τ, ~σ) = ec(τ) a(τ, ~σ),
zµr (τ, ~σ) = [δrs + αrs(τ, ~σ)] ǫ
µ
s ,
αrs(τ, ~σ) =
∫ τ
o
dτ1 e
c(τ1) ∂r [a(τ1, ~σ) ǫsµ u
µ(τ1, ~σ)],
grs(τ, ~σ) = −ǫ
(
δrs + αrs(τ, ~σ) + αsr(τ, ~σ) +
∑
u
αru(τ, ~σ)αsu(τ, ~σ)
)
. (A9)
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Let us choose the arbitrary function C(τ) = ec(τ) so small that |αrs(τ, ~σ)| << 1 for every
r, s, τ , ~σ, so that all the conditions on grs(τ, ~σ) from Eqs.(2.1) are satisfied.
In conclusion given an arbitrary congruence of time-like world-lines, described by a vector
field u˜µ(x), an embedding defining a good notion of simultaneity is [xµ(τ)
def
= zµ(τ,~0)]
zµ(τ, ~σ) = ǫµr σ
r +
∫ τ
o
dτ1 C(τ1) ǫτν u
ν(τ1, ~σ) u
µ(τ1, ~σ) =
= xµ(τ) + ǫµr σ
r +
∫ τ
o
dτ1C(τ1) ǫτν
[
uν(τ1, ~σ) u
µ(τ1, ~σ)− uν(τ,~0) uµ(τ,~0)
]
,
(A10)
for sufficiently small C(τ). Here ǫµA is an arbitrary orthonormal tetrad.
As a consequence, given any congruence associated to a rotating disk, we can find ad-
missible 3+1 splittings of Minkowskki space-time, with the space-like simultaneity leaves
not orthogonal to the rotation axis of the disk, which allow to define genuine instantaneous
3-spaces with synchronized clocks for every rotating disk. See Ref.[21] (Sections VIB and
C) for the 3+1 treatment of the rotating disk and the Sagnac effect along these lines.
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